We have developed a generic expression of implicit finite-difference (FD) operators for second derivatives that is suitable for optimizing parts of FD coefficients. Then, the implicit FD operators are applied to derive the implicit FD scheme for the 2-D Helmholtz equation. The approximation accuracy of the implicit FD scheme can be increased by optimizing parts of the coefficients. Thus, parts of implicit FD coefficients are optimized based on the minimum error of FD dispersion relations. Within a certain range of error, the optimized coefficients can extend the scope of application of the implicit FD schemes to a large range of wavenumber for the selected grid spacing, K. Different integral upper limits, K max , of K during the optimization procedure can determine different sets of optimized coefficients. The optimized coefficients obtained by a large value of K max are more suitable for a large range of K of forward modeling. Hence, under a certain range of error, we can use a large spatial sampling interval with optimized coefficients instead of a small spatial sampling interval with Taylor series expansion method coefficients, which can reduce the memory consumption and computational workload for forward modeling.
introduced an average-derivative optimal scheme which does not need a rotated coordinate system and can break the limit of directional sampling intervals of the rotated 9-point scheme. Chen (2013) developed a generalized optimal 9-point scheme that is closely related to the rotated coordinate system but more flexible. Shin & Sohn (1998) developed an optimal 25-point scheme to further improve the accuracy.
An alternative method to approximate spatial derivatives is to use implicit FD operators. Liu & Sen (2009) and Kosloff et al. (2010) developed new implicit FD operators with high accuracy for time-domain forward modeling and the latter was considered to be more generic. The implicit FD operators can improve the accuracy of simulation results, but they needed extra memory and computation to store and calculate the inverse of tridiagonal matrix in time-domain forward modeling (Liu & Sen 2009 ). Chu & Stoffa (2010) applied implicit FD operators to frequency-space domain forward modeling, however it involved the inverse of a 1-D differentiation matrix. Chu & Stoffa (2012) directly derived implicit FD operators for the Laplacian operator which eliminated the need to invert a 1-D differentiation matrix, but it needed an extra procedure to transform coefficients of the FD operators for second-order derivatives to those for the Laplacian operator. Liu (2014) introduced an optimal 5-point scheme that applied a fourth-order accuracy implicit FD operator to the Helmholtz equation but eliminated the minor parts of the implicit 9-point FD scheme for the Helmholtz equation. In this paper, we develop a generic expression of implicit FD operators for second-order derivatives that is suitable for the optimization of parts of the FD coefficients. Based on this generic expression of implicit FD operators, we derive the implicit FD scheme for the 2-D Helmholtz equation. The implicit FD scheme provides us a way to increase its the approximation accuracy by optimizing parts of the FD coefficients.
The coefficients of implicit FD operators for second-order derivatives can be calculated by Padé approximation (Fornberg 1998) . It is also popular to calculate FD coefficients based on minimizing the approximation error in dispersion relations, which generally involve sine or cosine functions of the wavenumber. One of these methods is Taylor series expansion (TE) method based on the FD dispersion relations of a second-order derivative (Liu & Sen 2009; Chu & Stoffa 2010) , which uses the TE to expand the dispersion relations into polynomials and obtains FD coefficients from coefficients of the polynomials. Another method is based on optimizing the approximation error in the dispersion relations. For example, Kosloff et al. (2010) calculated FD coefficients by Remes algorithm based on FD dispersion relations of a second-order derivative, which is an L ∞ spectral fit in the wavenumber domain. Liu (2014) introduced an optimization method based on FD dispersion relations of the Helmholtz equation to calculate parts of the FD coefficients, while the other coefficients were still calculated by TE method, but he limited his study to a revised 5-point scheme. In this paper, we develop this optimization method to a generic implicit FD operator, and the optimized coefficients can extend the scope of application of implicit FD schemes to a large range of wavenumber for forward modeling.
In the following section, we analyse the approximation performance of implicit FD operators for second-order derivatives used by Chu & Stoffa (2012) and Liu & Sen (2009) when applying an optimization method to optimized parts of FD coefficients, and develop a generic expression of implicit FD operators that is suitable for our optimization method. Then, we derive the implicit FD schemes for the Helmholtz equation. Following that, based on minimizing the error of FD dispersion relations of the Helmholtz equation, an optimization method is introduced to calculate parts of the FD coefficients. We further analyse the approximation accuracy of the optimized coefficients obtained by different ranges of wavenumber for the selected grid spacing during optimization procedure. Finally, a homogeneous model, a three-layer model and the Marmousi model are used to analyse the difference between the results of TE-method coefficients and optimized coefficients.
I M P L I C I T F I N I T E -D I F F E R E N C E O P E R AT O R
At present, there are two commonly used expressions of implicit FD operator. One is given by Kosloff et al. (2010) and the other is given by Liu & Sen (2009) . In this section, we try to compare the difference in the optimization of implicit FD coefficients between these two implicit FD operators. And then, the operator given by Liu & Sen (2009) is developed to a more compact one.
The implicit FD operator for a second derivative, which is used by Kosloff et al. (2010) for time-domain modeling and by Chu & Stoffa (2010) for frequency-space domain modeling, can be written as,
where
x is the spatial sampling interval. When N x = 0, FD operator (1) reduces to the conventional explicit FD operator.
The implicit second-derivative operator given by Liu & Sen (2009) is,
where b is the FD coefficient;
δx 2 is the second-order explicit FD operator, δ
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When b = 0, FD operator (2) also reduces to the conventional explicit FD operator. When M x = 1 and x tends to zero, the second derivative (2) is approximated by the second-order explicit FD operator δ 2 δx 2 (Claerbout 1985) . b is an adjustable constant. Liu & Sen (2009) , it has a global optimal approximation at the whole range of wavenumber for the selected grid spacing.
As we can see from the comparison between implicit FD operator (1) with N x = 1 and implicit FD operator (2), the approximation of eq. (2) can be rewritten in the form of eq. (1) with N x = 1, so they are intrinsically equivalent. However, two different approaches of optimization can be distinguished: expression (1) with N x = 1 suggests optimization of the coefficientsb n x , while preserving the coefficients c m x , and expression (2) suggests the optimization of the coefficients in the denominator while preserving the coefficients c m x . In the following examples, it will be illustrated that this makes a fundamental difference in the behaviour of the approximation error in the dispersion relations. Here, we take implicit FD operators with M x = 1 (and N x = 1) for example.
First, the second derivative of a plane wave P = P 0 e ikx can be approximated by applying implicit FD operator (1) with M x = 1 and N x = 1 to this plane wave, where P 0 is a constant value; i = √ −1; k represents the wavenumber. Then we obtain the following dispersion relations,
where α = k x; b =b Because of the limit of Nyquist spatial frequency, the maximum value of α is π . If the wavelength of P is denoted as λ, the number of grid points per wavelength can be expressed by x/λ. Hence, λ/ x is a dimensionless wavelength, relative to the selected grid spacing, and K = x/λ = k x/2π is a dimensionless wavenumber, relative to the selected gird spacing.
Next, we use an optimization method to obtain the optimal b of eq. (4). The coefficient b can be determined by minimizing the square of L 2 norm of the error of eq. (4). The error is defined as,
The square of L 2 norm of the error can be expressed as,
Then, with different integral upper limits, K max , we can apply an optimization method to minimize eq. (6) and obtain the optimal b, which is shown in Fig. 1(a) . Fig. 1(b) displays the minimum square of L 2 norm of the error, E(b), for different K max , which shows that the minimum values of E(b) obtained by TE method and by optimization of the coefficients are almost equal, except for the very large value of K max . Fig. 1 (c) displays the dispersion relations curves f(α, b) for different optimal b, which shows that even though the approximation accuracy increases at a large value of K, the corresponding approximation accuracy decreases at a small value of K. As we can see, the optimized b for different K max actually cannot increase the accuracy of implicit FD operator (1) from a global view.
We apply the same optimization procedure to implicit FD operator (2) and the results are displayed in Fig. 2 . Fig. 2(b) shows that the optimization method can decrease the minimum values of E(b) for different K max . Fig. 2(c) shows that for the optimized coefficient the error in the dispersion relation is reduced at larger values of K, while avoiding a dramatically decreasing accuracy for small values of K.
Aiming to adjust the accuracy of the implicit FD scheme of the Helmholtz equation flexibly, we develop the expression of the implicit FD operator used by Liu & Sen (2009) to a more compact one,
where˜δ 2 δx 2 can be seen as a explicit FD operator of a second derivative, which has high accuracy only at a quite small range of K, based on TE-method coefficients.
δx 2n is the second-order accuracy FD operator of the 2nth-order derivative,
= 1 for n = 2; for n > 2, the coefficients are given in Appendix A. The coefficients of the implicit FD operator (7) can be calculated by the TE method (Liu & Sen 2009; Chu & Stoffa 2010) , and Appendix A gives the calculation procedures. Table 1 lists some of the TE-method coefficients.
Implicit FD operator (7) can be written as,
at King (2) with M x = 1, where K is the wavenumber for the selected grid spacing; K max is the integral upper limit of K in the square of L 2 norm of the error during the optimization procedure. Table 1 . Some of TE-method coefficients in implicit FD operator (7). ∂ x 2n . Then, eq. (9) becomes
where according to the TE, we know,
From eq. (10), we can see that the sum of different
can cancel (2N x + 4)th order and higher order derivative terms in eq. (11). Equation (10) is further approximated by eq. (9). In eq. (9), when x tends to zero, the second derivative at the left-hand side can be approximated by˜δ 2 δx 2 , which can be seen as the main part of the implicit FD operator (7). And the remaining part, that is, the linear combination of terms
∂ x 2 are the high-order terms of Taylor series approximated by the second-order accuracy FD operators, which can be seen as the minor part of the implicit FD operator. With the change of FD coefficients of minor part, b n x (n = 1, . . . , N x ), the approximation accuracy can be adjusted. Hence, we can find the optimal coefficients, b n x (n = 1, . . . , N x ), for a certain range of wavenumber for the selected grid spacing through an optimization method.
I M P L I C I T F I N I T E -D I F F E R E N C E S C H E M E F O R H E L M H O LT Z E Q UAT I O N
After obtaining the implicit FD operator for a second derivative that is suitable for optimization of coefficients in the denominator, we derive the implicit FD scheme for the Helmholtz equation. The 2-D Helmholtz equation is
where P = P(x, z, ω) is the pressure wavefield; ω is the angular frequency; v = v(x, z) is the velocity; s = s(x, z, ω) is the source term. Chu & Stoffa (2012) gave two steps to derive the implicit FD Helmholtz solver. First, an implicit FD scheme for the Laplacian operator is derived,
A α and A β represent the differentiation matrices, whose entries areα l,m andβ l,m , respectively.α l,m andβ l,m are determined by the FD operator (7) for different dimensions, after pre-multiplication by the operators associated to the denominators, which is given by Chu & Stoffa (2012) . Then the FD operator of the Laplacian operator is substituted into Helmholtz equation, and the corresponding discretized equation can be obtained as follows,
To remove the matrix inversion A Here, we give an alternative derivation of the implicit FD scheme for the Helmholtz equation. Implicit FD operator (7) can be directly substituted into Helmholtz eq. (12), and we obtain, 
and we finally obtain the implicit FD scheme for Helmholtz equation as follows, 
, is a fixed value for a specific FD scheme. Table 2 shows the typical FD schemes for M x ≤ 2 and M z ≤ 2. Fig. 3 shows the sketch maps of the implicit FD schemes corresponding to the number listed in Table 2 .
In our derivation method, the implicit FD scheme for the Laplacian operator can be written as follows, Figure 6 . The sketch map of a homogeneous model.
As we can see from the comparison between eqs (13) and (19), the transformation from α and β toα andβ in Chu & Stoffa (2012) is implicitly calculated in this new derivation method; that is to say, the implicit FD schemes derived by these two methods have the same accuracy with TE-method coefficients. However, the expression derived by our method helps us know the internal structure of the implicit FD scheme for Helmholtz equation. When b n x -and b n z -weighted terms tend to zero for small grid spacing, the remaining part can be seen as the main part which has high accuracy at a small range of K with TE-method coefficients, while the others can be seen as the minor part which can adjust the accuracy of the main part through adjusting the b n x and b n z . Liu (2014) made full use of this structure, ignored some terms of mixed fourth-order partial derivative operators in the minor part, and obtained a high-accuracy 5-point scheme for the Helmholtz equation with TE-method coefficients, based on which he used an optimization method to optimize the FD coefficients of minor part to further increase the approximation accuracy. Here, we extend the optimization method to our generic expression of implicit FD scheme for the Helmholtz equation.
A N O P T I M I Z AT I O N M E T H O D T O D E T E R M I N E T H E I M P L I C I T F D C O E F F I C I E N T S
The conventional TE method only considers the error of FD approximation of a second-order derivative for a single variable in a 1-D setting. However, the Laplacian operator in the 2-D Helmholtz equation includes two second-order derivatives in different dimensions, which means that the coefficients calculated by the conventional TE method may not be optimal for the 2-D case. In the following part, we will consider error of the FD scheme of the Laplacian operator in the Helmholtz equation in a 2-D setting.
For the 2-D Laplacian operator, we consider the FD approximation, Our aim is to find a set of FD coefficients which makes approximation (20) as accurate as possible. Because
∂z 2 is equal to − 
The plane wave P(x, z, ω) = P 0 e −i(kx x+kz z) is substituted into eq. 
where x = r z and α = k z; k x = kcos θ , k z = ksin θ ; k is the circular wavenumber; θ is the propagation angle of a plane wave. The problem now is converted to find a set of coefficients to let the dispersion eq. (22) approximate 1 as much as possible. Because the 2-D numerical dispersion equation depends on both the propagation angle and the size of the grid interval, the coefficients need to be determined by minimizing the square of L 2 norm of the error of normalized phase velocity. The error can be defined as,
where we only determine the FD coefficients in the denominators of eq. (7) according to the above analysis and the other coefficients are still calculated by TE method. The square of L 2 norm of the error can be expressed as, where K = k z/2π = 1/G. Equation (24) is only for z ≤ x; for z ≥ x, just interchange the roles of z and x in the dispersion eq. (22). The range of θ is usually [0, π/2] and different integral upper limits, K max , can determine different optimized coefficients which give different approximations for different implicit FD schemes with the same stencil. We use the fmincon function in matlab to solve this constrained nonlinear optimization problem.
For the case x = z, we use the optimization method to calculate the FD coefficients of the implicit 9-point FD scheme with different K max (0.2, 0.3 and 0.4, respectively) and the range of θ is [0, π/2]. Table 3 displays the optimized and TE-method FD coefficients for the implicit 9-point FD scheme. Fig. 4 displays the normalized phase velocity curves for the implicit 9-point FD scheme with the optimal and TE-method coefficients and Fig. 5 displays the corresponding absolute error of normalized phase velocity. The results show that the optimized coefficients can increase the approximation accuracy at a large value of K but decrease the approximation accuracy at a small value of K, and the value of increasing error at a small value of K is relatively smaller than that of decreasing error at a large value of K. Within a phase error of ±1 per cent, the increase of K max can extend the scope of application of the implicit 9-point FD scheme to a large range of K. The normalized phase velocity curves of different incidence angles are dispersed at a large value of K.
When x < z, Table 4 lists the optimized coefficients for the implicit 9-point FD scheme with K max = 0.3. When x > z, the optimized coefficients can be obtained by interchanging the roles of z and x. 
N U M E R I C A L E X P E R I M E N T S
In this section, we present three numerical examples that will prove the theoretical analysis about the optimal implicit FD scheme (taking the implicit 9-point FD scheme for example).
First, we consider a homogeneous model shown in Fig. 6 whose velocity is 3000 m s −1 . The size of the model is 720 × 720 m. The spatial sampling intervals in x-and z-dimension are both 12 m. The source is an impulsion point source located at (x = 60 m, z = 60 m). We use the Ricker wavelet given as follows,
where A = 1; t 0 = 1.1/f 0 . The centre frequencies f 0 are chosen as 15, 25 and 35 Hz, respectively. Fig. 7 displays the amplitude spectrum of the Ricker sources with different centre frequencies, where we modify the x-dimension label as the wavenumber for the selected grid spacing, K.
The maximum frequency used in the modeling is 100 Hz. There are totally three receivers, whose coordinations are ( generic implicit FD scheme of the Helmholtz equation. We use the implicit 9-point FD scheme with TE-method and optimized coefficients to get seismograms, where three sets of optimized coefficients are obtained by setting K max to 0.2, 0.3 and 0.4, which are listed in Table 3 . The total temporal sampling number of the seismograms is 4000, and the temporal sampling interval is 0.25 ms.
Figs 8, 9 and 10, which correspond to the Ricker sources with centre frequency of 15, 25 and 35 Hz, respectively, show the seismograms of analytic solution and the implicit 9-point FD scheme with TE-method coefficients and three sets of optimized coefficients. The analytic solution is calculated by the following formula (Alford et al. 1974; Chen 2012; Liu 2014) ,
where F and F −1 are the Fourier and inverse Fourier transformations, respectively; f(t) is the Ricker wavelet; H
0 is the second Hankel function of zero order;r is the distance between the receiver and the source. The results in Fig. 8 suggest that both the TE-method coefficients and the optimized coefficients have high accuracy for the wavelet with low centre frequency which has a small range of K such as (0, 0.15) for the wavelet with centre frequency of 15 Hz shown in Fig. 7 ; the optimized coefficients obtained by setting K max = 0.20 has the highest accuracy among three sets of optimized coefficients. Even though Fig. 5 shows that TE-method coefficients have the highest accuracy at a small range of K in theory, the difference of accuracy between TE method and optimization method with K max = 0.20 is too small to be explicitly expressed in the seismograms as shown in Fig. 8(a) . With the increase of centre frequency, which means the increase of range of K, such as (0, 0.25) for the wavelet with centre frequency of 25 Hz and (0, 0.35) for the wavelet with centre frequency of 35 Hz, the optimized coefficients yield less increase of dispersion error than the TE-method coefficients, which are shown in Figs 9(a), (b) and 10(a)-(c). As we can see from the comparison of Figs 10(a)-(c) , the optimized coefficients obtained by larger K max seem more suitable for the wavelet with higher centre frequency.
From the definition of K = ( xf)/velocity, we know that the maximum range of K for forward modeling has relations with the centre frequency of source, the maximum spatial sampling interval and the minimum velocity of model; as we can see from Fig. 7 , the maximum range of K for this modeling increases gradually with the increase of centre frequency, and the contribution of wavelet at a small value of K decreases at the same time, which indicates that the optimized coefficients obtained by large K max are more suitable for large range of K of forward modeling compared with TE-method coefficients. Only changing the value of the maximum spatial sampling interval or the minimum velocity of the model will scale the maximum range of K for forward modeling, and we can get the same results related to the optimized and TE-method coefficients.
Second, we use a three-layer model to compare the reflections calculated by the implicit 9-point FD scheme with TE-method coefficients and optimized coefficients by setting K max = 0.40, b http://gji.oxfordjournals.org/ in Fig. 11(c) . The results show that the optimized coefficients can reduce the dispersion errors of reflections compared with the TE-method coefficients. Then, we increase the size of spatial grid from 12 m × 12 m to 13 m × 13 m, and the total size of the grid can reduce to 92 × 92 approximately. At the same time, we change the optimized coefficients to b 1 x = b 1 z = 10.857243e − 2 obtained by setting K max = 0.45. The seismograms are displayed in Fig. 11(d) , which still has higher accuracy than that calculated by TE method. In this case, we can reduce the size of the impedance matrix in the modeling from 10 000 × 10 000 to 8464 × 8464, and the total non-zero elements of both lower and upper triangular matrix during the modeling can be cut by about 13 per cent (including the absorbing boundary). Finally, we consider the Marmousi model shown in Fig. 12 . The spatial sampling intervals are 12.5 and 4 m in the horizontal and vertical directions, respectively. The numbers of grid nodes along the horizontal and vertical directions are 737 and 751, respectively. 20 PMLs are used around the four sides of the model. The depth z of receivers is 28 m and there are totally 368 receivers. A Ricker wavelet with centre frequency of 20 Hz is placed at (x = 4600 m, z = 20 m). The maximum frequency calculated in the modeling is 50 Hz. The total number of time samples in the seismograms is 10 000. The temporal sampling interval is 0.5 ms. Because the minimum velocity of the model is 1500 m s −1 , the maximum range of K is (0, 0.4) for this modeling. Hence, the optimized coefficients are obtained by setting K max to 0.40, where bz = 7.698384e − 2, bx = 10.345888e − 2. The seismograms calculated by the implicit 9-point FD scheme with TE-method and optimized coefficients are shown in Figs 13 and 14 , respectively. The comparison between the parts indicated by the circles in the seismograms, which is displayed in Fig. 15 , shows that the optimized coefficients can reduce dispersion errors to some extent.
C O N C L U S I O N S
This paper develops a generic expression of implicit FD operator that is suitable for optimizing parts of FD coefficients. Then, we apply the implicit FD operators to derive the implicit FD scheme for the Helmholtz equation. The implicit FD scheme provides us a way to adjust its approximation accuracy by optimizing parts of the FD coefficients. Thus, the implicit FD coefficients are optimized based on the minimum error of FD dispersion relations. The optimized coefficients obtained by choosing the integral upper limit, K max , properly during the optimization procedure can extend the scope of application of the implicit FD scheme to a large range of wavenumber for the selected grid spacing K, within a certain range of error. Different integral upper limits, K max , determine different optimized coefficients. Numerical experiments show that the optimized coefficients obtained by a proper K max during the optimization procedure can have a higher accuracy than the TE-method coefficients, with the increase of range of K of forward modeling. And the range of K of forward modeling is determined by the minimum velocity of the model, the maximum interval of the FD grid and centre frequency of the source. Hence, under a certain range of error we can use a large spatial sampling interval with optimized coefficients instead of a small spatial sampling interval with TE-method coefficients, which can reduce the memory consumption and computational workload for forward modeling.
Although we only focused on the 2-D modeling of Helmholtz equation in this paper, the optimized implicit FD method seems to be valid for 3-D case, which will be investigated in our future work. Furthermore, the methodology may be extended to other frequency-space domain wave simulation scenarios in order to obtain high-accuracy simulation results by the optimization of implicit coefficients.
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A P P E N D I X A : T H E TAY L O R S E R I E S E X PA N S I O N M E T H O D T O O B TA I N T H E C O E F F I C I E N T S O F O U R N E W E X P R E S S I O N O F I M P L I C I T F I N I T E -D I F F E R E N C E O P E R AT O R
The second-order accuracy explicit FD operator, δ 2n δx 2n , can be written as,
We will show the calculation procedure of the coefficients in our new implicit FD operator (7) using the TE method. First, according to the formula for the coefficients of 2th-order accuracy FD operator for 2nth-order derivative (Liu et al. 1998) , we give the coefficients of FD operator (A1) as follows, 
Then we substitute P = P 0 e ikx into eq. (7), where k represents the wavenumber, and get 
where J = M x + N x .
A P P E N D I X B : P M L B O U N DA RY C O N D I T I O N F O R T H E I M P L I C I T F I N I T E -D I F F E R E N T S C H E M E O F T H E H E L M H O LT Z E Q UAT I O N
where the average coefficients ξ xi+1/2 =
